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AIWI’R4CT 
The least eigenvalue of the O-l adjacency matrix of a graph is denoted h(G). In 
this paper all graphs with A(G) greater th an - 2 are characterized. Such a graph is a 
generalized line graph of the form L( T; 1, 0, . . . , 0), L(T), L(H), where T is a tree and 
H is unicyclic with an odd cycle, or is one of 573 graphs that arise from the root 
system Ea. If G is regular with A(G) > - 2, then G is a clique or an odd circuit. These 
characterizations are used for embedding problems; &R(H) =sup{h(G)I H in G; G 
regular}. H is an odd circuit, a path, or a complete graph iff X,(H) > - 2. For any 
other line graph H, X,(H) = - 2. A similar result holds for complete multipartite 
graphs. 
1. INTRODUCTION 
The spectrum of a graph G is the spectrum of its O-l adjacency matrix. 
This matrix is symmetric, and hence the eigenvalues are real; the smallest of 
these is denoted X(G). For several years the relationships between X(G) and 
the usual topological properties of G have been studied; particular interest 
has centered on graphs with h(G) > - 2 [5, 6, lo] and with X(G) > - 1 - fi 
[7, 91. 
For a graph G, the line graph L(G) has as its vertices the edges of G with 
two vertices adjacent if as edges of G they have a common end point. The 
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graph CP(n) is the regular graph on 2n vertices of degree 2n-2. If G has 
{o r,. . . ,v,,} as vertices and if a,,~,, . . . , a, are nonnegative integers, then the 
generalized line graph L(G; ai,. . . , a,) consists of disjoint copies of 
L(G), CP(u,), CP(a,), . . . , CP(a,) plus edges joining all vertices of CP(ai) with 
all vertices of L(G) corresponding to edges with vi as an end point. It is 
known that A(L(G;a,, . . . ,u,,)) > -2 [9]. A unicyclic graph is a graph that has 
exactly one circuit. 
Also of interest has been the embedding of a graph into regular graphs of 
various types with minimal disturbance to X(G) [4, 81. In this paper we focus 
attention on graphs for which X(G) is not too small. First we characterize all 
graphs with X(G) > - 2. To do this we use the beautiful results of Cameron, 
Goethals, Seidel, and Shult [2]; they use the root system E,, which consists of 
240 vectors in R* of length e such that the inner product between two 
noncollinear vectors is 0 or -+ 1. Several explicit representations of E, can be 
found elsewhere [2]. From our viewpoint we shall note that if we have a 
subset of the vectors in E, such that the pairwise inner products are all 0 or 
1, then the gram matrix of these vectors has off diagonal elements that 
determine a graph with X(G) > - 2. Using this viewpoint the following 
theorem results: 
THEOREM 1.1 (Cameron, Goethals, Seidel, and Shult). Let G be a graph 
with h(G) > -2. Then either (i) G arises as the gram matrix of vectors in E,, 
or (ii) G is a generalized line graph. 
Section 2 is concerned with graphs satisfying A(G) > - 2. Those graphs 
which are generalized line graphs are determined, and a characterization of 
all such graphs with appropriate least eigenvalue results. From this char- 
acterization it is shown that the only regular graphs with A(G) > - 2 have 
cliques or circuits as connected components. These results are used in Sec. 3 
to describe embeddings of nonregular graphs into regular graphs with 
minimal change in the least eigenvalue. In the previous literature explicit 
embeddings have been given for only a few graphs. Here we give such 
embeddings for many more graphs, e.g., all line graphs. Finally we give some 
results on embeddings of a nonregular graph into a regular graph of large 
degree; again we are able to explicitly construct embeddings for a large 
number of graphs. 
2. A CHARACTERIZATION OF GRAPHS WITH X(G) > -2 
In this section we first characterize all graphs whose least eigenvalue is 
greater than -2. The result is as follows: 
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THEOREM 2.1. Let G be a connected graph with A(G) > - 2. Then 
(i) G=L(T;l,O,..., 0), where T is a tree, 
(ii) G = L(H), where H is a tree or H is unicyclic with an odd cycle, 
(iii) G is one of 573 graphs that arise from the root system E,. 
To prove this theorem we need the following lemma: 
LEMMA 2.2. If H is a subgraph induced by a set of vertices of G, then 
h(H)>h(G). 
This lemma is an obvious result, since A(H) is a principal submatrix of 
A(G). 
COROLLARY 2.3. None of the graphs in Fig. 1 can arise as an induced 
subgraph of a graph G satisfying the hypothesis of Theorem 2.1. 
Proof. The label next to each vertex is the coordinate of an eigenvector 
whose corresponding eigenvalue is -2. Note that in each case the parity of 
the circuit is determined, i.e., all minimal circuits except for C,, are odd. We 
next note that graphs G satisfying the conclusions (i) and (ii) of Theorem 2.1 
do indeed satisfy X(G) > - 2. Since each such graph is a generalized line 
graph, we already know that A(G) > -2, so we need only show that - 2 is 
not an eigenvalue of the graph. n 
LEMMA 2.4. Let G= L(H), where H is unicyclic with an odd cycle, or 
let G=L(T;l,O,..., 0), where T is a tree. Then det(A( G) + 21) =4. 
Proof. We proceed by induction on the number of vertices. The smal- 
lest case, n =3, is obvious. For G = L(H), where H contains a vertex of 
degree 1, let K be the edge-vertex incidence matrix where the last column 
and row correspond to the vertex of degree one and the edge incident to it. 
Obtain K by deleting the last row and column of K. Then A + 2Z = KK ‘, 
det K = det K, and E.T = A+ 2 I, where x is the adjacency matrix of the line 
graph of a unicyclic graph. Hence by induction det ET = 4 = det KK T. On 
the other hand, if H contains no vertex of degree one and is unicyclic, then 
H is an odd cycle and A +2Z= KK ‘, where K is the circulant matrix with 
first row (l,l,O,. . ., 0). This matrix K has determinant equal to 2, as can be 
easily seen by adding the alternate sum of the last n - 1 rows to the first row. 
Now if G=L(T;l,O,..., 0), let K be the edge-vertex incidence matrix of 
G using the same numeration of columns of K as is implied by the definition 
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of the generalized line graph. Let M be defined by 
1 1 0 *_* 0 
1 -1 0 ‘.. 0 
M=O 0 _?I=_ . . . . K 0 0 
Then MM*=2Z+A(L(T;l,O,..., 0)). Without loss of generality we may 
assume that v,, is a vertex of degree 1 incident to the edge coresponding to 
the last row. Then in exactly the same manner as in the unicychc case we 
have det M = -+ 2, and the proof of Lemma 2.4 is complete. n 
REMARK. At first the conclusion of Lemma 2.4 is startling. The determi- 
nant is independent of any structure of G, even the number of vertices. 
However M and K arise from a matrix whose row entries are independent 
vectors in the root system 0, and one may show that any such matrix in fact 
has a determinant of 22. The corresponding results for the root systems E,, 
E,, and Es yield matrices whose determinants are t3, 22, and ? 1. (These 
root systems are also displayed in [2]). A further discussion may be found in 
[ll] and [12]. 
To continue with the proof of Theorem 2.1, we now assume that G is a 
graph with A( G ) > - 2. From Theorem 1.1, either G is a generalized line 
graph or G arises from the gram matrix of vectors in E8. Let us examine the 
former case, i.e., G = L(H; a,, . . . , a,,). If a, > 2 for some i, then C, is an 
induced subgraph of G, which contradicts Lemma 2.2. If ai = uj = 1, i #i, 
then the two copies of CP(l) pl us an appropriate path in L(G) yield a copy 
of the graph G, from Fig. 1. If H contains an even circuit, then so does 
L(G;a,,..., a,,); if H contains two odd circuits, then G, is contained in 
L(H;u,,..., a,,). In either case Lemma 2.2 is again contradicted. Finally, 
suppose H is unicyclic with an odd circuit and ai = 1 for some i. If vi is a 
vertex of the circuit, then G, is an induced subgraph of L(H; a,, . . . ,u,,). If vi 
is not in the circuit, G, is such an induced subgraph. From Lemma 2.4, we 
now need only consider L(T) h w ere T is a tree. But L(T) is an induced 
subgraph of L( T; IO,. . . ,O), and hence X( L( T)) > 2. Thus a generalized line 
graph has least eigenvalue greater than -2 if and only if it satisfies (i) or (ii) 
of the conclusion of Theorem 2.1. By Theorem 1.1 the only other graphs that 
have A(G) > - 2 must arise from a gram matrix of vectors of E,. Since the 
gram matrix is nonsingular, there can be at most eight vertices in the graph. 
A computer search for such graphs has been made by F. Bussemaker, and it 
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resulted in 20 graphs on six vertices, 110 graphs on seven vertices, and 43 
graphs on eight vertices. 
REMARK. From Theorem 2.1 it follows that the limit points of the least 
eigenvalues of all graphs with X(G) > 2 can be found by considering the 
graphs L(T;l,O ,..., 0), L(T), and L(H) where H is unicyclic with an odd 
circuit. But Hoffman [lo] has shown that in fact all such limit points are 
attained by only considering L(T). 
In the next theorem we find all regular graphs G with A(G) > - 2. 
THEOREM 2.5. Let G be regular ana’ connected with X(G) > -2. Then 
G=Cz,+l or G=K, forsome n>l. 
Proof. G must satisfy the conclusion of Theorem 2.1. In case (i), if ui 
has degree t, then each vertex in the CP(l) has degree t also. Since G is 
connected, t >O. However, each vertex in G that corresponds to an edge 
incident to ui has degree t + 1 or greater. In case (ii), for L(H) to be regular, 
the sum of the degrees of any two adjacent vertices in H must be the same. 
If H is a tree, this implies that H = K,,, for some n and that L(H) = K,,. If H 
is unicyclic with an odd cycle, then H must be regular if L(H) is also to be 
regular. This can only occur if H is an odd cycle and L(H) = C2n+l. Any new 
graph satisfying (iii) has six, seven, or eight vertices. There are only 27 
regular, connected graphs on six, seven, or eight vertices, and those with 
A(G)> -2 are all of the form C,,,, or K,,. Hence the proof of Theorem 2.5 
is complete. n 
3. EMBEDDING A GRAPH IN A REGULAR GBAPH 
A graph H is embedded in G if H is an induced subgraph of G. By 
Lemma 2.2, this implies that A(G) < A(H). We shall use the notation H C G 
to indicate that H is embedded in G. Since any graph may be. embedded in a 
regular graph, one may ask, as did Hoffman [B], how this may be done with 
minimal perturbation of the least eigenvalue. More specifically, Hoffman 
defines &(H)=su~{A(G)IH cG; G regular}. When His not regular, A,(H) 
is usually difficult to determine. Indeed, A,(H) has only been determined in 
the previous literature for H = K,,, and H = K,,,. In this section we de- 
termine AR(H) for a large class of nonregular graphs; in particular A,(H) will 
be determined for all line graphs. With no loss of generality we shall assume 
that H is connected for the rest of this section. 
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LEMMA 3.1. ZfH cG, then L(H)CL(G). 
LEMMA 3.2. Zf H i.s regular, then A,(H) =A(H). 
coRoLL‘.4RY 3.3. 
M&J= ( -;I ;I;,,,... . 
COROLLARY 3.4. 
-2cos(+), n odd, UG)= _2 ( , n even. 
PROPOSITION 3.5. Aa =A(C,,), where n=2[m/2] +3. 
Proof. From Theorem 2.5, A,(H) > - 2 only if H is embedded in a 
clique or an odd circuit. In the former case, H is a clique and Lemma 3.2 
applies. Thus A,(P,) is determined by the odd circuits that contain P,; in 
particular, we need to embed Pm in the odd circuit with as small a number of 
vertices possible. This is what the conclusion of Proposition 2.5 does. Note 
that m=2 yields the value of &(K,.,). H 
THEOREM 3.6. A,(H)< -2 if and only if H#C2,+1, HZP,,, and HZ 
Zk 
Proof. The “only if” half of the proof is given by Corollary 3.3, 
Corollary 3.4, and Proposition 3.5. Conversely, suppose that A,(H) > - 2. 
Then H C G, where G is regular and X(G) > -2. By Theorem 2.5, G is a 
clique or G is an odd circuit. Hence H is a clique, an odd circuit, or a path. 
n 
COROLLARY 3.7. Zf H is not a clique and H has a vertex with &gree 
greater than two, then A,(H) < -2. 
THEOREM 3.8. Zf H is a line graph and H#C,,+l, HZP,,, and HZ&, 
then A,(H)= -2. 
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Proof. From Corollary 3.7 we know X,(H) < -2. Now let H = L(H’), 
where H’ has n vertices. Then L(H’) c L(K), and letting G = L(K,,) we have 
HcGandA(G)> -2. n 
LEMMA 3.9. If H=Y1,.n2 ,..., n, is a complete multipartite graph with 
n, < 2, then 
c0 if n,=l, t=l, 
1 -1 if n1=n2=*** =q=l, t>2, A’(H)= i(-1-e) if {n,,n,}={l,2} andt=2, 
l-2 otherwise. 
Proof. Since H cCP(t), it must be that &(H) > -2. By Corollary 3.7, 
ha(H) = - 2 except for the special cases that are covered by Corollary 3.3 
and Proposition 3.5. W 
By Theorem 1.1 any regular graph H with X(H) = - 2 is a generalized 
line graph or arises from Es. These graphs have been described by Busse- 
maker, Cvetkovic, and Seidel [3]. The maximal ones are the three Chang 
graphs, the SchlZfli graph, and five special graphs of degree 9 on 22 vertices. 
Each of these graphs has least eigenvalue equal to - 2, yielding the following 
lemma: 
LEMMA 3.10. If H is 
(a) a line graph, 
@) I<“,.“%..4 with n, < 2, or 
(c) an induced subgraph of one of the Chung graph, the Schl@i graph, 
or one of the five special graphs of degree 9 on 22 vertices, 
then unless H=K,,, H= C2n+l, or H= P,,, it follows that A,(H)= -2. 
Beineke [l] has described the 9 minimal nonline graphs. One of these has 
A(G) < - 2. But the others can be embedded into the S&l& graph or the 
Chang graphs, and hence they all have As(G) = - 2. In particular this 
implies that ha(Ki,s) = - 2. 
CONJECTURE 3.11. The converse of Lemma 3.10 is true. We show the 
following weaker (?) result: 
PROPOSITION 3.12. Suppose H C G, where G is regular and X(G) = - 2. 
Then H satisfies (a), (b), or (c) in Lemma 3.10. 
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Proof By Theorem 1.1, G is a generalized line graph or G arises from 
Es. In the former case either G is CP(t) for some t and H satisfies (b), or G is 
a line graph and H satisfies (a). If G arises from E,, then G satisfies (c), as is 
shown in [3]. W 
Hoffman [8] has also investigated the embeddings of a graph into a 
regular graph of large degree. To this end he defined pn(H) = 
Iirn~up~_,{A(G)]G regular; degG=d; H c G}. 
LEMMA 3.13. /JR(&) = - 1. 
PROPOSITION 3.14. Zf H is not a clique, then pR(H) < - 2. 
Proof. From Theorem 2.5, any regular graph G with degree greater 
than two that is not a clique satisfies X(G) < - 2. n 
From Theorem 3.8 and Proposition 3.14, the following theorem is evi- 
dent: 
THEOREM 3.15 (Hoffman [8]). pR(H) = -2 w H is a line graph but 
HZ&, or H cCP(t) fm some t. 
Hoffman has also defined ~(H)=lim~up~+~{h(G)]H c G, d(G) >d}, 
where d(G) is the minimum degree of a vertex of G. Obviously h(H) > p( H) 
>/AH). 
THEOREM 3.16. Let H’ be any connected graph that is neither a tree nor 
a unicyclic graph with an odd cycle, and let H = L(H). Then p(L(H’))= 
-2. 
Proof. From Theorem 2.1 we have X(H) = - 2, and from Theorem 3.15 
we have pR(H)= -2. n 
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